Ex p e ri m e n t al s t u dy a n d m o d ellin g of t h e t h e r m al c o n d u c tivity of s a n d y s oils of diffe r e n t p o r o si ti e s a n d w a t e r c o n t e n t s
Introduction
Soil thermal conductivity has a wide interest in underground infrastructure engineering, such as sub-ground building [1] , subsurface pipeline [2, 3] and cable networks [4, 5] , underground transportation [6] , and ground source heat pump systems [7] [8] [9] . Soil thermal conductivity depends on many factors, which may be primarily classified into three groups: the nature of soils, including the texture, mineral composition, shape and size of soil particles; the structural condition, including porosity and particle arrangement; and the physical condition, including water content, temperature, and pressure. In reality, all these influences work together making the evaluation of soil thermal conductivity a big challenge [10] [11] [12] [13] [14] .
In order to understand the influences of structural and physical conditions, the study on the thermal conductivity of unsaturated sandy soils has raised particular interest [15] [16] [17] [18] [19] . Chen [18] reported an experimental work using four different quartz sands, which had the same over 99% quartz content, but different particle size distribution. Using the transient thermal probe method, the thermal conductivity was measured at four different porosities and five water contents from dry to fully saturated. Based on the experimental result, he proposed an empirical thermal conductivity model for sandy soil, which took a logarithmic form containing the porosity and saturation. Tarnawski et al. [16] conducted a similar test on three standard sands, called Ottawa C-109, Ottawa C-190, and Toyoura, respectively. The Ottawa sands have 99.8% quartz content and a density of 2.65, while the Toyoura sand, which is mainly composed of quartz and some siliceous rocks and black shale, has a density of 2.63. Using the thermal probe method, they measured the thermal conductivity at two porosities and six degrees of water saturation from dryness to full saturation. For modelling, they used the de Vries model [20] to fit the measurements. Both of the two reported works took a similar procedure in sample preparation, in which, at first, a certain amount of sands of a specific water content were filled in a container. Thereafter the sands in the container were compacted to a certain volume to achieve a specific porosity. The two separately conducted works had obtained quite similar measurement results for the thermal conductivity of sandy soils at different porosity and water content conditions. The two models adopted had produced a good fitting result for the experimental measurements.
The effect of the soil structural and physical conditions on soil thermal conductivity is a complicated problem because the two factors present a strongly coupled influence. It has been noticed before that there is an intrinsic link between thermal conductivity and the water retention characteristics of soils. The variation of thermal conductivity against the water saturation displays a resembling mirrored S-shape as the water retention curve of unsaturated soils [21] as illustrated in Figure 1 . The resemblance is due to the variation of both thermal conductivity and matric suction of soils against the water content depending on the pore water distribution, which relates to the pore size distribution, and the configuration of the pore water interface, including the water film on pore wall surfaces and the air-water interface between soil particles. However, so far, most of the previous work evaluated the soil structural influence on thermal conductivity mainly based on porosity and particle size distribution. Seeing the fact that the pore water distribution of unsaturated soils depends on the soil pore size distribution, but the pore size distribution does not have a unique correlation to the soil porosity and particle size distribution, the effect of pore size distribution on the soil thermal conductivity at different water contents still needs more research for a deeper understanding. C-190, and Toyoura, respectively. The Ottawa sands have 99.8% quartz content and a density of 2.65, while the Toyoura sand, which is mainly composed of quartz and some siliceous rocks and black shale, has a density of 2.63. Using the thermal probe method, they measured the thermal conductivity at two porosities and six degrees of water saturation from dryness to full saturation. For modelling, they used the de Vries model [20] to fit the measurements. Both of the two reported works took a similar procedure in sample preparation, in which, at first, a certain amount of sands of a specific water content were filled in a container. Thereafter the sands in the container were compacted to a certain volume to achieve a specific porosity. The two separately conducted works had obtained quite similar measurement results for the thermal conductivity of sandy soils at different porosity and water content conditions. The two models adopted had produced a good fitting result for the experimental measurements. The effect of the soil structural and physical conditions on soil thermal conductivity is a complicated problem because the two factors present a strongly coupled influence. It has been noticed before that there is an intrinsic link between thermal conductivity and the water retention characteristics of soils. The variation of thermal conductivity against the water saturation displays a resembling mirrored S-shape as the water retention curve of unsaturated soils [21] as illustrated in Figure 1 . The resemblance is due to the variation of both thermal conductivity and matric suction of soils against the water content depending on the pore water distribution, which relates to the pore size distribution, and the configuration of the pore water interface, including the water film on pore wall surfaces and the air-water interface between soil particles. However, so far, most of the previous work evaluated the soil structural influence on thermal conductivity mainly based on porosity and particle size distribution. Seeing the fact that the pore water distribution of unsaturated soils depends on the soil pore size distribution, but the pore size distribution does not have a unique correlation to the soil porosity and particle size distribution, the effect of pore size distribution on the soil thermal conductivity at different water contents still needs more research for a deeper understanding. This paper at first reports an experimental study on the specimens of formulated sands, which have similar quartz content, sand density, and particle size distribution as that of the samples used by Chen [18] and Tarnawski et al. [16] . However, in this work, the specimens were prepared using a different compaction method to intentionally make a big difference in pore size distribution while using the same porosities as those of the samples used in the two previously reported work. Thereafter, thermal conductivity of these prepared specimens was measured using both transient needle probe and steady state hot-plate methods in order to investigate how significant the effect of the expected moisture migration could be under unsaturated conditions. Secondly, following the experimental work, the two major types of thermal conductivity models in the literature were compared in two characterised general forms and used to model the experimental data. Finally, based on the recognition of the intrinsic relation to the pore size distribution for both thermal conductivity This paper at first reports an experimental study on the specimens of formulated sands, which have similar quartz content, sand density, and particle size distribution as that of the samples used by Chen [18] and Tarnawski et al. [16] . However, in this work, the specimens were prepared using a different compaction method to intentionally make a big difference in pore size distribution while using the same porosities as those of the samples used in the two previously reported work. Thereafter, thermal conductivity of these prepared specimens was measured using both transient needle probe and steady state hot-plate methods in order to investigate how significant the effect of the expected moisture migration could be under unsaturated conditions. Secondly, following the experimental work, the two major types of thermal conductivity models in the literature were compared in two characterised general forms and used to model the experimental data. Finally, based on the recognition of the intrinsic relation to the pore size distribution for both thermal conductivity and water retention characteristic of unsaturated soils, this paper has proposed a unified model for the two characteristic properties.
Experimental Study

Methodology
There are two conventional methods to measure soil thermal conductivity [22, 23] , the steady state method and transient method. The steady state method is based on Fourier's Law by applying a one-directional heat flow through a specimen. When a steady state is reached, there will be a constant temperature gradient inside the specimen along the direction of the heat flow, and the thermal conductivity can be calculated directly in terms of its definition in Fourier's law. The steady state method is slow and time consuming. Its accuracy is particularly influenced by the potential heat loss of the experimental cell to the surrounding environment [23, 24] . In addition, the temperature gradient in specimens may induce the migration of moisture and result in water redistribution in pores. Consequently, the steady heat-flow method, in a rigorous sense, should not be suitable for unsaturated soils [18] . The transient method, on the other hand, is based on the heat diffusion equation by applying a constant heat source into a specimen, such as a needle probe [23] , and recording the local temperature change in the specimen over a period of time. The thermal conductivity can be calculated in terms of the power of the heat source, the temperature increase, and the heating time. The needle probe transient method is rapid and has a small influence on the original water distribution state in unsaturated soils [18] .
Materials and Setup
The soil specimens were prepared using the sands from a construction site in the Taiyuan city, Shanxi province in China. The sands had over 99% quartz content and a density of 2.66 g/cm 3 . The sands were at first heated for 24 h under 105 • C and then sieved in laboratory. Thereafter, the sands used for the test were formulated, using different particular particle sizes following the standard [25] , to have a medium size. The particle size distribution of the formulated sands is showed in Figure 2 , which is similar to that of the sample D in the work of Chen [18] and the Ottawa C-190 in the work of Tarnawski et al. [16] . Afterwards, the oven dry sand was spread out and had water added to reach four different water contents, 5%, 10%, 15%, and 20% in terms of the gravimetric weight of the dry sands. The sands and water were mixed extensively to maximize an even water distribution. Later, the sands of four different water contents were transferred respectively into four individual airtight containers where they stayed for 24 h without any disturbance to reach a stable water distribution situation. It was found, after the 24 h static stay, that the sand with 20% water content had a water film on the top surface. This was taken as a sign of a fully saturated state. Finally, each of the sands was evenly divided into seven parts (about 1 kg per part), which were thereafter put into stainless containers of the size of 150 mm (width) × 150 mm (depth) × 200 mm (height) one by one forming layers. After adding one layer, the sands in the container were impacted, using a 1 kg hammer falling from 0.05 m height above the top surface of the sands and the applied forces were 70, 210, 350, and 490 N, respectively, at four evenly distributed positions ensuring coverage of the total top surface of the sands in each container. Before adding a new layer, the compacted surface was ploughed to ensure a full integration between layers. A total of seven layers were added into one container. At the end, a specimen of water content and porosity was taken for each container, and the bulk dry density of the prepared specimens was measured. It was found that the bulk dry densities of all the specimens compacted under a certain force but having different water contents were very close. The relative variation against their average value is less than 3.6%. So, in this paper, it is assumed that the specimens of different water contents had the same porosity after been compacted using the same force. The porosity was calculated using the equation below:
where n is the porosity, ρ d is the bulk dry density of formulated sand specimens, and ρ s is the density of sand particles (ρ s = 2.66 g/cm 3 ). where n is the porosity, ρd is the bulk dry density of formulated sand specimens, and ρs is the density of sand particles (ρs = 2.66 g/cm 3 ). The thermal conductivity was measured using both needle probe and hot-plate methods. In the test using the needle probe method (Figure 3 ), five measurements were taken at five different locations evenly distributing along the top surface of each specimen using five probes at the same time. The final result took the average of the five measurements. Before the test, the needle probe was calibrated in glycerol (C3H8O3) of 99% purity. The technical parameters of the needle probe are listed in Table 1 . Table 2 shows the calibration result of the five needle probes used, with a maximum absolute error of 0.005 which is negligible compared to the measured value. The thermal conductivity was measured using both needle probe and hot-plate methods. In the test using the needle probe method (Figure 3 ), five measurements were taken at five different locations evenly distributing along the top surface of each specimen using five probes at the same time. The final result took the average of the five measurements. Before the test, the needle probe was calibrated in glycerol (C 3 H 8 O 3 ) of 99% purity. The technical parameters of the needle probe are listed in Table 1 . Table 2 shows the calibration result of the five needle probes used, with a maximum absolute error of 0.005 which is negligible compared to the measured value. where n is the porosity, ρd is the bulk dry density of formulated sand specimens, and ρs is the density of sand particles (ρs = 2.66 g/cm 3 ). The thermal conductivity was measured using both needle probe and hot-plate methods. In the test using the needle probe method (Figure 3 ), five measurements were taken at five different locations evenly distributing along the top surface of each specimen using five probes at the same time. The final result took the average of the five measurements. Before the test, the needle probe was calibrated in glycerol (C3H8O3) of 99% purity. The technical parameters of the needle probe are listed in Table 1 . Table 2 shows the calibration result of the five needle probes used, with a maximum absolute error of 0.005 which is negligible compared to the measured value. Figure 4 shows the hot-plate measuring system used in the test. The hot-plate cell is the core part, which consisted of a container, two heating plates, and thermal insulation wools. The container was made of acrylic boards and had dimensions (width by depth by height) of 270 mm × 270 mm × 120 mm, respectively. Claps and slots were fitted in it to secure the two heating plates to stay at the central position. The two heating plates were made of the copper constantan of a high electrical resistivity of 484 Ω. Each of them had the dimension (width by depth by thickness) of 150 mm × 150 mm × 20 mm, respectively. The soil specimen placed between the two plates had a thickness of 10 mm. A thermocouple with an accuracy of ±0.1 • C was attached on the cooling plate on the top of the measured soil specimens. At the start of each test, the two heating plates had a temperature difference less than 0.1 • C. Each test lasted for 44 min to ensure a steady state was reached, and data was recorded every minute. Figure 4 shows the hot-plate measuring system used in the test. The hot-plate cell is the core part, which consisted of a container, two heating plates, and thermal insulation wools. The container was made of acrylic boards and had dimensions (width by depth by height) of 270 mm × 270 mm × 120 mm, respectively. Claps and slots were fitted in it to secure the two heating plates to stay at the central position. The two heating plates were made of the copper constantan of a high electrical resistivity of 484 Ω. Each of them had the dimension (width by depth by thickness) of 150 mm × 150 mm × 20 mm, respectively. The soil specimen placed between the two plates had a thickness of 10 mm. A thermocouple with an accuracy of ±0.1 °C was attached on the cooling plate on the top of the measured soil specimens. At the start of each test, the two heating plates had a temperature difference less than 0.1 °C . Each test lasted for 44 min to ensure a steady state was reached, and data was recorded every minute. Figure 5 shows the plot of the results of the measured thermal conductivity of the specimens at different porosities and the water contents of 0%, 5%, 10%, and 15%, respectively. It shows that the measurements using the needle probe method and those using the hot-plate method are in a good agreement at low water contents. In the range of four water contents, the measurements of the probe method present a more stable and consistent trend in variation. It can be seen that two curves of the hot-plate measurements crossed at high water content and porosity. This result may be related to the moisture migration in the tests using the hot-plate method. The comparison demonstrates that the needle probe method is more suitable for unsaturated soils and can provide good accuracy. In conclusion, all the modelling, analyses, and discussion in the rest of the paper will use the data of the needle probe method. Compared with similar sands, the sample D of Chen [18] and the Ottawa C-190 of Tarnawski et al. [16] , it can be noticed that the measurements in this study are very close to the two previous studies at the fully dry condition. For example, all the sands in the three studies have a similar thermal conductivity of about 0.3~0.4 Wm −1 ·K −1 at the porosity of about 0.4~0.5 at the dry condition. This demonstrates in another way that the three compared sands are quite close in composition and particle distribution. However, it is also noticed that at other unsaturated and fully saturated states, the thermal conductivity of the specimens in this study is much smaller than that of Figure 5 shows the plot of the results of the measured thermal conductivity of the specimens at different porosities and the water contents of 0%, 5%, 10%, and 15%, respectively. It shows that the measurements using the needle probe method and those using the hot-plate method are in a good agreement at low water contents. In the range of four water contents, the measurements of the probe method present a more stable and consistent trend in variation. It can be seen that two curves of the hot-plate measurements crossed at high water content and porosity. This result may be related to the moisture migration in the tests using the hot-plate method. The comparison demonstrates that the needle probe method is more suitable for unsaturated soils and can provide good accuracy. In conclusion, all the modelling, analyses, and discussion in the rest of the paper will use the data of the needle probe method. Compared with similar sands, the sample D of Chen [18] and the Ottawa C-190 of Tarnawski et al. [16] , it can be noticed that the measurements in this study are very close to the two previous studies at the fully dry condition. For example, all the sands in the three studies have a similar thermal conductivity of about 0.3~0.4 Wm −1 ·K −1 at the porosity of about 0.4~0.5 at the dry condition. This demonstrates in another way that the three compared sands are quite close in composition and particle distribution. However, it is also noticed that at other unsaturated and fully saturated states, the thermal conductivity of the specimens in this study is much smaller than that of the two similar samples of Chen [18] and Tarnawski et al. [16] . For example, at porosity of 0.466, the fully saturated specimen of this work has a thermal conductivity of 1.6 Wm −1 ·K −1 , however, the fully saturated thermal conductivity of the sample D of Chen [18] is about 2.46 Wm −1 ·K −1 at porosity of 0.43, while the fully saturated thermal conductivity of the Ottawa C-190 of Tarnawski et al. [16] is about 3.4 Wm −1 ·K −1 at porosity of 0.4. The big difference is attributed to the difference in pore size distribution of the used specimens because this study took a significantly different preparation procedure from that of the two previous studies. Figure 5 also shows that at 0% water content the variation of porosity presents the smallest influence on the thermal conductivity. This can be explained in that the air content in soils has no significant effect on the thermal conductivity due to its own low thermal transfer capacity. It is noticed that water thermal conductivity is about 0.6 (W/(m·°C )) and air thermal conductivity one order of magnitude less and near 0.024 (W/(m·°C )) at 25 °C . Therefore, the higher the water content level, the more the conductive phase in the pore space and consequently the greater the thermal conductivity. For that of the 5% and 10% water contents, the thermal conductivity decreases relatively quickly with increasing porosity at the low porosity region. This may be related to the water condensation, the phase change from vapour to liquid, and the capillary effect in the small pores at low porosity. The condensed water bridges the void spaces between soil particles. With increasing porosity, the pore size will increase correspondingly, and, as a result, the capillary condensation effect will decrease. When many of the pores have reached a critical value in size, the capillary effect will become too small to be easily noticed. This observation is supported by the 15% water content result, which shows that the thermal conductivity decreases with the increase of porosity in an approximate straight line (needle probe method), when there is little variation in the capillary condensed water, and increase in the air content with the increasing porosity. Figure 6 shows the variation of the thermal conductivity, measured using the needle probe method, against the water contents and degrees of water saturation at different porosities. It can be seen that initially with water increases from 0% to a relatively low content (10%), the thermal conductivity increases in an approximately linear trend. Thereafter the linear increasing trend starts Figure 5 also shows that at 0% water content the variation of porosity presents the smallest influence on the thermal conductivity. This can be explained in that the air content in soils has no significant effect on the thermal conductivity due to its own low thermal transfer capacity. It is noticed that water thermal conductivity is about 0.6 (W/(m· • C)) and air thermal conductivity one order of magnitude less and near 0.024 (W/(m· • C)) at 25 • C. Therefore, the higher the water content level, the more the conductive phase in the pore space and consequently the greater the thermal conductivity. For that of the 5% and 10% water contents, the thermal conductivity decreases relatively quickly with increasing porosity at the low porosity region. This may be related to the water condensation, the phase change from vapour to liquid, and the capillary effect in the small pores at low porosity. The condensed water bridges the void spaces between soil particles. With increasing porosity, the pore size will increase correspondingly, and, as a result, the capillary condensation effect will decrease. When many of the pores have reached a critical value in size, the capillary effect will become too small to be easily noticed. This observation is supported by the 15% water content result, which shows that the thermal conductivity decreases with the increase of porosity in an approximate straight line (needle probe method), when there is little variation in the capillary condensed water, and increase in the air content with the increasing porosity. Figure 6 shows the variation of the thermal conductivity, measured using the needle probe method, against the water contents and degrees of water saturation at different porosities. It can be seen that initially with water increases from 0% to a relatively low content (10%), the thermal conductivity increases in an approximately linear trend. Thereafter the linear increasing trend starts to decrease until the content of 15%. The initial linear increase of thermal conductivity with the increase of water content from 0% to 10% can be explained by the fact that the initial water forms an evenly distributed water film coating on all pore surfaces of a constant surface area. The initial water content increase corresponds to the water film thickness increase which gives a linear relation to thermal conductivity. When the water reaches a certain level, more pore water occupies the pore volume space due to the capillary condensation. In this situation, the ratio of the water volume to the pore surface area decreases, and, as a result, the rate of the thermal conductivity increase drops off because the increased mass of water increases the local thermal capacity. Theoretically, the thermal conductivity will reach a constant value when soil becomes fully saturated. Figure 6 shows that the thermal conductivity is slightly higher at the water content of 20% than 15%. This can be explained that in the range of 15%~20%, free water starts to occupy the central region of the pore spaces up to full saturation, a situation in which the thermal conduction is further enhanced by a better connected pore water network.
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Modelling
Previous Research
Mathematical characterisation and modelling of soil thermal conductivity under different structural and physical conditions have been a consistent interest in research. Dong et al. [26] reviewed all the major soil thermal conductivity models and compared their performance. These models were classified into three groups: mixing model, empirical model, and mathematical model. Mixing models take soils as a mixture of three elementary phase components, solid particles, water, and air. The effective bulk soil thermal conductivity depends on the individual thermal properties of these elementary components and their arrangement in soils, which takes two typical forms, in series and in parallel. The empirical models have little physical foundation, while the mathematical models compare the thermal conductivity to other physical properties, such as electrical conductivity [27] . In terms of the tests on varied soils, including sands, silts, and clay, it has been found that both the mixing and mathematical models demonstrated an underperformance in general, because it is difficult to adequately represent all the material characteristics related to the thermal conductivity of 
Modelling
Previous Research
Mathematical characterisation and modelling of soil thermal conductivity under different structural and physical conditions have been a consistent interest in research. Dong et al. [26] reviewed all the major soil thermal conductivity models and compared their performance. These models were classified into three groups: mixing model, empirical model, and mathematical model. Mixing models take soils as a mixture of three elementary phase components, solid particles, water, and air. The effective bulk soil thermal conductivity depends on the individual thermal properties of these elementary components and their arrangement in soils, which takes two typical forms, in series and in parallel. The empirical models have little physical foundation, while the mathematical models compare the thermal conductivity to other physical properties, such as electrical conductivity [27] .
In terms of the tests on varied soils, including sands, silts, and clay, it has been found that both the mixing and mathematical models demonstrated an underperformance in general, because it is difficult to adequately represent all the material characteristics related to the thermal conductivity of soils, such as the particle geometry, pore size distribution, and the configuration of the water bridges between particles or at the pore necks/throats. Recently, other new methods considering the involved underlying physics have also been investigated. Tarnawski and Leong [28] put forward an improvement for the geometrical mean model proposed by Woodside and Messmer [19] by introducing an inter-particle thermal contact resistance factor to reflect the interaction between the involved three phases (i.e., soil solids, water, and air). Ghanbarian and Daigle [29] presented a percolation-based effective-medium approximation (P-EMA) model, in terms of the properties of the elementary phases, a scaling exponent, and a percolation threshold. It has been concluded that the thermal conductivity under fully and partially saturated conditions conforms to non-universal behaviour. Likos [15] predicted and compared the thermal conductivity and water retention curve of unsaturated soils based on the water configuration retained in an idealized unit representative pore formed in a simple cubic pack of same sized spheres. Taking soils as a fractal structure to estimate the thermal conductivity has also been an effective approach [30] . Xiao et al. [31] made new progress in this direction.
So far, there has not been a comprehensive model able to effectively describe and generally define all the major underlying mechanisms involved in soil thermal conductivity. In practice, fitting empirical models to experimental data is still the most effective and popularly way employed for real world applications [32, 33] . Farouki [34] has given a comprehensive review on soil thermal conductivity empirical models. Later, Misra et al. [35] and Tang et al. [14] updated the list covering other new developments. All of these models, however, were reported and tested on specific soils. Each of them had a limit of application. So far there has not been an accepted model generally applicable on a wide range of soil types, porosities, and water contents. The recent review by Dong et al. [26] has compared the empirical models proposed by Kersten [36] , Johansen [37] , Cote and Konrad [38] , Lu et al. [39] , and Chen [18] . It showed that although these models had demonstrated better performance than the mixing and mathematical models, they generally largely underestimated the thermal conductivity of sands. In the next section of this paper, two of the principal types of empirical models for sands are compared against the experimental data of this work. One type has a power function form and the other type an exponential function form. To investigate their range of application on different soils, the two types of model families are at first characterized into two general forms without specified constant values. The two characterized forms are then compared to model the experimental data of this paper. Finally, based on the recognition that an intrinsic relation between the water retention and thermal conductivity characteristics of unsaturated soils is established on the soil pore size distribution, this paper investigates the use of a water retention characteristic model to describe the thermal conductivity. The performance of this so-called unified model is tested on the experimental data and compared with the preceding two characterized empirical model forms.
Comparison of Two Major Types of Empirical Model
Ould-Lahoucine et al. [40] used the following Equation (2) to model the thermal conductivity of bentonites,
where K dry is the dry soil thermal conductivity, and n and S w are the porosity and the degree of water saturation, respectively. Later, Chen [18] proposed a similar model in the form of Equation (3) for sandy soils.
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where K 0 and a and b are three parameters related to porosity, n, and k 0 , k 1 , a 0 , a 1 , b 0 , and b 1 are six constants, which can be regarded to depend all together upon the soil nature, elementary material properties, pore structure, and pore water configuration. Donazzi et al. [41] proposed the following exponential formula for the thermal conductivity of different soils:
Later, Lu et al. [39] proposed a similar model, given by Equation (6) below, and tested it on a wide range of soils,
These two models may also be characterised into a general mathematical formula as:
where K 0 and a, b, and c are four parameters related to porosity, n, and k, a 1 , a 0 , b 1 , b 0 , c 1 , and c 0 are seven constants, which depend together on the soil nature, elementary material properties, pore structure, and pore water configuration. Figure 7 compares the modelling results using the two characterized general forms to fit the measured thermal conductivity of the sands in this work at varied degrees of pore water saturation and porosities. The degrees of water saturation are calculated in terms of the results in Figure 6 and the intrinsic relationship:
where w is the water content, ρ dry is the dry density of samples, and ρ w is the water density. Figures 8  and 9 show the fitting results using the parameter functions, Equation (4b-d) and Equation (7b-e), to describe the variation of parameters, K 0 , a, b, and c, against the porosity. Figure 7 shows that both Equations (4) and (7) have produced comparable results of the modelling thermal conductivity against water saturation, for all the four porosity magnitudes, in terms of the agreement with the experimental measurements. Figure 8 shows that the predicted variation of the introduced parameters in Equation (4) against the porosity has presented good accuracy. However, for Equation (7), Figure 9 shows that the variation of the introduced parameters against the porosity does not display an accountable correlation, where the parameter formulas are unable to fit all of the four parameters at different porosity magnitudes. The comparison result suggests that the form of Equation (4) is more simple and flexible than Equation (7), and may work for a wider range of soils. 
A Unified Thermal Conductivity and Water Retention Model
In order to investigate the intrinsic relationship between thermal conductivity and water retention characteristic-it is noted that both are linked to the pore water distribution and the pore size distribution in soils-this paper tries to use an analytical water retention model proposed by [42] [43] [44] [45] to describe the thermal conductivity of soils at different water contents. The analytical water retention model takes account of the multiphase interaction in pores, and describes the respective behaviour of the coexisting water phase and vapor phase in a pore system in terms of the fundamental interfacial physics and the classical capillary theory. 
In order to investigate the intrinsic relationship between thermal conductivity and water retention characteristic-it is noted that both are linked to the pore water distribution and the pore size distribution in soils-this paper tries to use an analytical water retention model proposed by [42] [43] [44] [45] to describe the thermal conductivity of soils at different water contents. The analytical water retention model takes account of the multiphase interaction in pores, and describes the respective behaviour of the coexisting water phase and vapor phase in a pore system in terms of the fundamental interfacial physics and the classical capillary theory.
In terms of surface phenomena, fluids retained in porous media could be regarded as being adsorbed on pore wall surfaces because chemical and physical interactions exit at their interfacial region due to the inter atomic and molecular attraction forces, known as the Van de Waals forces [42, 44, 45] . These forces will modify the chemical potential of the adsorbates (the fluids) at the interfacial region referring to their free bulk phase value. The chemical potential change is called Lennard-Jones (LJ) potential energy [46] , which can be approximately defined as a function of the distance from adsorbed fluid molecule to the substrate surface (pore wall surfaces) and takes a pair-wise summation of all interaction forces between the fluid molecule and the solid atoms. Figure 10 illustrates that pore water resides on pore surface. The average LJ potential energy of the water film on the substrate surface can be expressed as a function of the fluid thickness above the substrate surface as [47] :
where ∆u w is the LJ potential energy of the water film on substrate surface, and A m , A e , and A s are three constants related to the nature of the interfacial interaction. In terms of surface phenomena, fluids retained in porous media could be regarded as being adsorbed on pore wall surfaces because chemical and physical interactions exit at their interfacial region due to the inter atomic and molecular attraction forces, known as the Van de Waals forces [42, 44, 45] . These forces will modify the chemical potential of the adsorbates (the fluids) at the interfacial region referring to their free bulk phase value. The chemical potential change is called Lennard-Jones (LJ) potential energy [46] , which can be approximately defined as a function of the distance from adsorbed fluid molecule to the substrate surface (pore wall surfaces) and takes a pairwise summation of all interaction forces between the fluid molecule and the solid atoms. Figure 10 illustrates that pore water resides on pore surface. The average LJ potential energy of the water film on the substrate surface can be expressed as a function of the fluid thickness above the substrate surface as [47] :
where Δuw is the LJ potential energy of the water film on substrate surface, and A m , A e , and A s are three constants related to the nature of the interfacial interaction. On the other hand, the chemical potential change (the LJ potential energy) of the adsorbate fluids on a substrate surface can also be evaluated using the Kelvin equation. Finally, the intrinsic pressure of the adsorbed fluids on substrates can be expressed in terms of the following equation [43] :
where p w and p v are the volume average pore pressure of the water and vapour phases in unsaturated soils, respectively. λ = p 0 exp ∆u 0 w RT is a redefined constant. The Equation (12) can be used to describe the water retention characteristic of unsaturated soils, the constitutive relation between the matrix suction, or capillary pressure and the water content. In conventional, matric suction is taken as the pressure different between the pore air (vapour) and pore water phases coexisting in soils, i.e., (13) where s is the matric suction, p c is called capillary pressure of bulk soils. At last, Equation (13) may be rewritten in a simplified form as:
where ϕ 0 , P 0 , α, and β are four redefined parameters related to the pore structure and the nature of all the material phases involved. Equation (12) describes the state of the coexisting water and vapour phases in unsaturated soils in terms of their interaction with the solid phase at the interface. The derived Equation (14) has been successfully used to describe the water retention characteristic of unsaturated soils and building materials [42, 44, 45] . It has been demonstrated that Equation (14) is able to represent the water distribution and the pore size distribution in porous media. Considering that the thermal conductivity of unsaturated soils is influenced by both the heat transfer at the interface between the soil particles and the fluids retained in pores, which relates to the water distribution in the pore system, and with the noticed resemblances between the variation of thermal conductivity against water content and water retention characteristic curves, this paper applies Equation (14) for thermal conductivity modelling. To avoid confusion, Equation (14) is rewritten in the following form given by Equation (15) as
where K eff is called the effective thermal conductivity, λ 0 , K 0 , α, and β are four redefined parameters depending on the pore structure and the material nature of all phases. Figure 11 compares the modelling results using Equations (4) and (15) for the reported experiment data of this paper, respectively. It can be seen that Equation (15) gives impressively close agreement to the experiment data in comparison to Equation (4) in all of the four cases of different porosities. Table 3 lists out the values of the four parameters defined in Equation (15) . This suggests that Equation (15) can be used as a unified model for both the thermal conductivity and water retention characteristics of unsaturated soils. However, a deeper understanding the underlying mechanisms of the model working for the two constitutive soil properties and verification on a large experimental data of different soils still need to be studied, and represent continuing research. all the material phases involved. Equation (12) describes the state of the coexisting water and vapour phases in unsaturated soils in terms of their interaction with the solid phase at the interface. The derived Equation (14) has been successfully used to describe the water retention characteristic of unsaturated soils and building materials [42, 44, 45] . It has been demonstrated that Equation (14) is able to represent the water distribution and the pore size distribution in porous media. Considering that the thermal conductivity of unsaturated soils is influenced by both the heat transfer at the interface between the soil particles and the fluids retained in pores, which relates to the water distribution in the pore system, and with the noticed resemblances between the variation of thermal conductivity against water content and water retention characteristic curves, this paper applies Equation (14) for thermal conductivity modelling. To avoid confusion, Equation (14) is rewritten in the following form given by Equation (15) 
where Keff is called the effective thermal conductivity, λ0, K0, α, and β are four redefined parameters depending on the pore structure and the material nature of all phases. Figure 11 compares the modelling results using Equations (4) and (15) for the reported experiment data of this paper, respectively. It can be seen that Equation (15) gives impressively close agreement to the experiment data in comparison to Equation (4) in all of the four cases of different porosities. Table 3 lists out the values of the four parameters defined in Equation (15) . This suggests that Equation (15) can be used as a unified model for both the thermal conductivity and water retention characteristics of unsaturated soils. However, a deeper understanding the underlying mechanisms of the model working for the two constitutive soil properties and verification on a large experimental data of different soils still need to be studied, and represent continuing research. 
Conclusions
From the reported experimental work, modelling, and discussion, the following conclusions can be drawn:

The needle probe method provides a convenient and accurate approach to measure unsaturated soil thermal conductivity. 
Conclusions
•
The needle probe method provides a convenient and accurate approach to measure unsaturated soil thermal conductivity.
• At a certain water content, the thermal conductivity of sandy soil decreases with increasing porosity due the increase in the air content. At a certain porosity, the thermal conductivity of sandy soil increases with the water content due to the decrease in the air content. Capillary condensation plays an important role on the thermal conductivity at low water content and low porosity with small pore sizes because the condensed water will affect the ratio of the water volume to total pore surface area.
There are two major types of empirical model proposed, which can be generalised as representing an exponential function and power function, respectively. The characterised exponential function has showed a good result for the thermal conductivity of soils of a certain porosity at varied water contents. However, the power function has showed a better performance for the conditions of both varied water contents and porosities.
• Intrinsically, the thermal conductivity at varied water content and porosity is related to the pore size distribution. Due to the intrinsic relation and the dependence on similar factors, both the thermal conductivity and water retention characteristics of unsaturated soils can be described using a unified model, which has demonstrated good accuracy.
